We deduce a weighted equidistribution theorem of the Satake parameters of Sigel cusp forms on Sp 2 (Z) with growing even weights.
Introduction
Let GSp 2 be the symplectic similitude group of rank 2, which is a reductive connected algebraic Q-group defined as The space S l (Sp 2 (Z)) is a finite dimensional Hilbert space with the inner-product whose associated norm is
is the invariant measure on h 2 . Any element Φ ∈ S l (Sp 2 (Z)) is given by its Fourier expansion Φ(Z) = Let χ be a character of Cl D and σ the non trivial element of Gal(Q( √ D)/Q). Since aa σ is principal for any invertible ideal a of Q( √ D), we have that χχ σ is trivial; thus χ = χ σ if and only if χ 2 = 1. Recall that χ = χ σ if and only if χ, when viewed as an idele class character of Q( √ D), is of the form N Q( √ D)/Q • χ 0 with some idele class character χ 0 of Q. Following [12] , let us define
and d χ := 1 (χ 2 = 1), 2 (χ 2 = 1), c l,D := √ π 4 (4π) 3−2l Γ(l − 3/2)Γ(l − 2) × |D| 4
where w D is the number of roots of unity in Q( √ D) and h D := #Cl D is the class number of Q( √ D). Let F l be a C-basis of S l (Sp 2 (Z)) consisting of joint-eigenfucntions of all the Hecke operators. In the work [12] , Kowalski-Saha-Tsimerman investigated the quantity ω Φ l,D,χ from a statistical point of view, including the asymptotic behavior of the average of spinor L-values L f (s, π Φ ) for s on the convergent range of the Euler product taken over the ensemble {ω Φ l,D,χ | Φ ∈ F l } with growing l. Later, the asymptotic formula for the central spinor L-values is proved by Blomer in [4] , where even a second moment formula is erabolated by a deep analysis of diagonal and off-diagonal cancellation of terms from the Petersson formula for Siegel modular forms. In our previous paper [22] , based on a different technique involving the archimedean Shintani functions and Liu's computation of local Bessel priods for spherical functions, we extend the (first moment) asymptotic formula for central standard L-values of cusp forms on SO(2, m) (m 3) in a general setting. In this paper, we examine the case when m = 3 in detail.
1.1. Description of results. To state the main result, we need additional notation. For Φ ∈ F l , let π Φ be the automorphic representation of G(A) generated by the functionΦ on the adeles G(A) well-defined by the relationΦ(γg ∞ u f ) = det(
C D ] ∈ G(R) 0 and u f ∈ G( Z). By [10, Corollary 3.3], π Φ is irreducible and cuspidal; as such it can be decomposed as the restricted tensor product π Φ ∼ = p ∞ π Φ,p of irreducible smooth representations π Φ,p of G(Q p ) for p < ∞ and π Φ,∞ a holomorphic discrete series representation of G(R) of scalar weight l. Let B be a Borel subgroup consisting of all matrices in G of the form
with A being an upper-triangular matrix of degree 2. Let U denote the unipotent radical of B, which consists of all the elements (1.3) such that A is an upper-triangular unipotent matrix. For a prime number p, set
and W (C 2 ) the C 2 -Weyl group which, as an automorphism group of X p , is generated by the two elements s 1 , s 2 given as s 1 (ν 1 , ν 2 ) = (ν 2 , ν 1 ) and
It is known that I p (ν) admits a unique G(Z p )-spherical constituent to be denoted by π ur p (ν). Note that π ur p (wν) ∼ = π ur p (ν) for all ν ∈ X p and w ∈ W (C 2 ). The local spinor L-factor attached to π ur p (ν) is defined as
with α j = p −ν j (j = 1, 2). Let ν p (Φ) = (ν 1,p , ν 2,p ) ∈ X p /W (C 2 ) be the unique point such that π Φ,p ∼ = π ur p (ν p (Φ)). The spinor L-function L f (s, π Φ ) of π Φ and its completion L(s, π Φ ) are originally defined as the degree 4 Euler product
where Γ C (s) := 2(2π) −s Γ(s). In this paper, we use the symbol f to denote the set of all the prime numbers, or as a subscript to indicate that the object is related to the set of finite adeles. It is known that L(s, π Φ ) has a meromorphic continuation to C with the functional equation L(1 − s, π Φ ) = L(s, π Φ ) admitting possible poles at s = 3/2, −1/2 ([1] and [2] ). It should be also recalled that these poles are at most simple and they occur if and only if Φ is the Saito-Kurokawa lifting from an elliptic cusp form on SL 2 (Z) ( [17] , [18] ). Let AI(χ) ∼ = p ∞ AI(χ) p be the automorphic induction from an idele class character χ of Q( √ D), which is an isobaric automorphic representation of GL 2 (A); it is not cuspdal if and only if χ = χ 0 • N Q( √ D)/Q with some Hecke character χ 0 of Q in which case AI(χ) = χ 0 ⊞ χ 0 η D , where η D is the quadratic idele class character of Q corresponding to Q( √ D) by class field theory. Let L f (s, AI(χ)) be the Hecke L-function (degree 2) of the automorphic representation AI(χ). By transcribing [22, Theorem 1] in the language of Siegel modular forms, we have the following result. Theorem 1.1. Let D < 0 be a fundamental discriminant and χ a character of Cl D . Then there exists a constant C = C(D) > 1 (independent of χ) such that as l ∈ 2N grows to infinity,
After recalling a basic setting for orthogonal groups in § 3, we state the corresponding asymptotic formula for the orthogonal group in Corollary 3.3, from which Theorem 1.1 is easily deduced by the materials collected in § 4.1. Since ψ(l − 1) = log l + O(l −1 ) as is well-known, Theorem 1.1 when specialized to the case D = −4 and χ = 1 recovers the asymptotic formula stated in [4, Theorem 1] . Note that our asymptotic formula has a much stronger error term
For each prime number p, we fix a Haar measure dg p on G(Q p ) such that vol(G(Z p )) = 1. Let H (G(Q p ) / /G(Z p )) be the spherical Hecke algebra of G(Q p ). For any function φ ∈ H (G(Q p )/ /G(Z p )), letφ : X p → C denote the spherical Fourier transform of φ, i.e,φ(ν) is the eigenvalue of π ur p (ν)(φ) = G(Qp) φ(g p )π ur p (g p )dg p on the G(Z p )-fixed vectors of π ur p (ν). Let dµ Pl p be the spherical Plancherel measure corresponding to dg p , i.e., a non-negative Radon measure on X p supported on the tempered locus X 0 p = ( √ −1R/2π √ −1(log p) −1 Z) 2 which fits in the inversion formula:
Let S be a finite set of prime numbers. For any α = ⊗ p∈S α p continuous function on
and µ Pl S = p∈S µ Pl p , where L(s, π ur p (ν) × AI(χ) p ) is the local p-factor of the GSp 2 × GL 2 convolution L-function (degree 8) and L(s, π ur p (ν), Ad) is the local p-factor of the adjoint L-function of GSp 2 (degree 10). Let X 0+ p denote the set of ν ∈ X p such that π ur p (ν) is unitarizable. Note that X 0+ p is a relatively compact subset of X p and X 0 p ⊂ X 0+ p . Since π Φ with Φ ∈ F l is a subrepresentation of L 2 (G(Q)\G(A)), the local components π Φ,p are unitarizable, which implies ν p (Φ) ∈ X 0+ p for all p < ∞. For a set S of primes, let ν S (Φ) denote the element {ν p (Φ)} p∈S of X 0+ S := p∈S X 0+ p . Now we can state our main theorem as follows.
Theorem 1.2. Let D < 0 be a fundamental discriminant and χ a character of Cl D . For l ∈ 2N, let F l be a Hecke eigen basis of S l (Sp 2 (Z)) and F # l the set of Φ ∈ F l which is a Saito-Kurokawa lifting from elliptic cusp forms on SL 2 (Z).
S be a finite set of odd prime numbers such that p ∈ S for all prime p|D. Then for any α ∈ C(X 0+ S /W S ), as l ∈ 2N grows to infinity,
We note that the proof of this theorem requires the non-
, which is known ([20, Theorem 5.2.4], [13] , [23] ). Corollary 1.3. Let D < 0 be a fundamental discriminant and S a finite set of add prime numbers such that p ∈ S is relatively prime to D. Let χ be a character of Cl D . Given a Riemann integrable subset U of X 0 S /W S such that µ Pl S (U) > 0, there exists l 0 ∈ N with the following property: for any even integer l > l 0 there exists Φ ∈ F ♭ l such that
At this point, we should recall a conjecture by Dickson-Pitale-Saha-Schmidt ( [7] ), which is a generalization of Böchere's conjeture( [5] ) and is deduced from a version of the refined Gan-Gross-Prasad conjecture posed by Y. Liu ([14] ):
Conjecture ([7, Conjecture 1.3]) : Let l > 2 be an even integer and Φ ∈ S l (Sp 2 (Z)) is a joint eigenfunction of all the Hecke operators. Suppose that Φ is not the Saito-Kurokawa lifting from an elliptic cusp form on SL 2 (Z). Then for any fundamental discriminant D < 0 and for any character χ of Cl D ,
Note that the analytical prperties of L-functions appering in the formula are fully studied in [20] : in particular, it is proved that both the degree 8 L-function L(s, π Φ × AI(χ)) and the degree 10 L-function L(s, π Φ ; Ad) are entire and that L f (1, π Φ , Ad) = 0 ([20, Theorem 4.1.1, Theorem 5.2.1]). Conditionally upon this conjecture, given U and χ as above, Corollary 1.3 yields an infinite family of Siegel modular forms Φ ∈ S l (Sp 2 (Z)) with growing weights such that
The validity of the conjecture when χ is trivial is proved by Furusawa-Morimoto ([9]): Theorem 1.4. (Furusawa-Morimoto [9, Theorem 2]) Let Φ ∈ S l (Sp 2 (Z)) with an evem l > 2 is a joint eigenfunction of all the Hecke operators on Sp 2 (Z). Suppose that Φ is not a Saito-Kurokawa lift. For any negative fundamental discriminant D, when χ is the trivial character of Cl D , the equality (1.5) is true.
Invoking this, we have the following result unconditionally. 5 Corollary 1.5. Let D < 0 be a fundamental discriminant and S a finite set of add prime numbers such that p ∈ S is relatively prime to D. Let χ be a character of Cl D . Given a Riemann integrable subset U of X 0 S /W S such that µ Pl S (U) > 0, there exists l 0 ∈ N with the following property: for any even integer l > l 0 there exists Φ ∈ F ♭ l such that
We should remark that when S = ∅, this corollary also follows from [7, Theorem 3.15].
Preliminaries
In this section we recall well-known facts on automorphic forms on the anisotropic orthogonal group of degree 2 in the framework of [16] .
. For each prime number p, define
We suppose K 1,p = K * 1,p for all p < ∞ from now on, and set K 1,f = p<∞ K 1,p etc. From [19, Theorem 5.1], there exists a finite subset {u j } t j=1 ⊂ G 1 (A f ) with the disjoint decomposition:
There exists a bijective map
Proof. Let us define a map
Since (2.2) is a disjoint union, j is uniquely determined by h. Then the vector γ −1 ξ ∈ V belongs to the lattice L 1 (u j ) * and its Γ Q 1 (u j )-orbit does not depend on the decomposition (2.4). Indeed, by looking at the finite component of (2.4), we have h = γu j g f , or
Hence by passing to the quotient, the map  induces a map  :
Let p be a prime number. From the assumption K * 1,p = K 1,p and [16, Proposition 2.7 (ii)], we have the equality
Let us prove the equality
Q . We introduce the following notation to write a general element of V :
Then there exists a ∈ Z and α ∈ L * 0 such that ξ = a α
1 .
If we set
Thus we have
Ternary case. Let
We have that L 1 := V (Z) ∼ = Z 3 is an integral lattice in (V 1 , Q 1 ) and
Since L * 1 /L 1 ∼ = Z/2Z, we see that L 1 is a maximal integral lattice and K 1,p = K * 1,p for all p < ∞. By letting GL 2 acts on V 1 as
we have a Q-rational isomorphism s :
s preserves the integral structure, i.e.,
Thus from Proposition 2.1, 
Let Q ′ 1 be the quadratic form on Q, the transform of Q 1 by i; then Q 
by defining s(c) = c G . By the map induced from i, the orbit space 1 (mod 4) ).
Then {1, ω} is a Z-basis of the integer ring o E of E, i.e., o E = Z ⊕ Zω. Set w = [ 0 1 −1 0 ] and T D = ξ D w −1 . For α ∈ E, its conjugate is denoted byᾱ. Then a computation reveals that the relation
holds in the polynomial ring C[X, Y ], where {X, Y } is a set of indeterminates. We have an embedding ι :
Indeed, set h = ι(τ ) and put
Then, from (2.9),
The composite of the isomorphisms ι : E × → GO(T D ) 0 and s :
Lemma 2.4. The map s • ι induces a bijection
Proof. Let p be a prime. From (2.9), we have o × E,p = ι −1 (GL 2 (Z p )). Since s(GL 2 (Z p )) = G 0 1 (Q p ) ∩ K 1,p , we have
by using (2.10) to have the last isomorphism. 
. , u h D } a complete set of representatives in
where Σ = p<∞ {1, σ p } with σ p a copy of σ identified with the unique non-trivial automorphism of E p = E ⊗ Q Q p over Q p . Since σu j σ =ū j , this is equivalent to
When we have the case (i), then t ∈ o × E /{±1}. The case (ii) happens if and only if u jū
where r ξ D is the reflection of V 1 with respect to the vector ξ D (see [22, §2.9] ).
Proof. Let c ξ D (resp. c 1 ) be the non-trivial elements of the center of G ξ D 1 (Q) (resp. G 1 (Q)). Then r ξ D = c ξ D c 1 . We claim that c 1 viewed as an element of
, which equals to f (h) due to c ξ D ∈ G ξ D 1 (Q) and to the automorphy of f . Set E p (ξ D ) := K ξ D 1,p /K ξ D * 1,p for a prime number p. Proof. The containment f χ ∈ V(ξ D , K ξ D * 1,f ) is easy to be checked by (2.11) . 
For a unitary character χ of the finite group
A × E,f /E × o E × ∼ = Cl D , define a function f χ on G ξ D 1 (A f ) ∼ = (A × E,f /A × f ) ⋊ Σ by setting f χ (s • ι(tτ )) = 1 2 {χ(t) + χ(t)}, t ∈ A × E,f , τ ∈ Σ := p<∞ {1, σ p }. (2.11) Lemma 2.8. The function f χ belongs to the space V(ξ D ; K ξ D * 1,f ) and
is a joint eigenfunction of the Hecke algebra H
. The L-function L(s, U χ ) is defined to be L(s, f χ ) whose definition is given in [16, §1.4] . Let S E , I E and R E the set of p ∈ f which splits, remains inert or ramifies in E/Q, respectively. Since E p (ξ D ) = K ξ D 1,p /K ξ D * 1,p is isomorphic to {1} or Z/2Z according to p ∈ S E ∪I E or p ∈ R E respectively (Lemma 2.7), the set of Satake parameters [16] ) is described as follows. If p ∈ S E , then E × p ∼ = Q × p ⊕ Q × p and χ p = χ ′ p ⊠ χ ′′ p with unramified characters χ ′ p and χ ′′ p such that χ ′ p χ ′′ p = 1, and E p (ξ D ) = {1}. We have z p = (χ ′ p (p), χ ′′ p (p)), ρ p = 1
If p ∈ I E , then G ξ D 1 is anisotropic and unramified over Q p . Hence the Satake parameter of f χ at p is a unique character of E p (ξ D ) = {1}. This falls in the case (n 0 , ∂) = (2, 0) of [16, (1.18) 
1 is anisotropic over Q p and the Satake parameter of f χ is a character ρ p of E p (ξ D ) ∼ = Z/2Z; ρ p = 1 if χ p (̟ p ) = 1 and ρ p is the nontrivial character of Z/2Z if χ p (̟ p ) = −1 where ̟ p is a prime element of E p . This falls in the case (n 0 , ∂) = (2, 1) in [16, (1.18) 
From our choice of the Haar measures, vol(A
is orthogonal. Note that χ = χ σ if and only if χ 2 = 1 as observed in § 1. From Lemma 2.5,
). Hence f χ forms an orthogonal basis of V(ξ D , K ξ D * 1,f ). Then the statements on the representations U χ follow from [22, Proposition 13.1].
3.
Asymptotic formula for orthogonal group of degree 5 First we recall the notation and main result from [22] in a special setting. Let Q 5 be the space of column vectors of degree 5 viewed as a quadratic space with the quadratic form t XQY , where
The standard basis of Q 5 is labeled as ε 1 , ε 0 , v, ε ′ 0 , ε ′ 1 in this section. Set L = Z 5 . Then the dual lattice L * of L is given as
14 Let G = O(Q) and K f = p<∞ K p with K p = G(Q p ) ∩ GL 5 (Z p ). Since the group L * /L ∼ = Z/2Z admits no non-trivial group automorphism, we have that K * f := Ker(K f → Aut(L * /L )) coincided with K f . Set
Then the quadratic space (V 1 , Q 1 ) considered in § 2.2 is isometrically embedded to (Q 5 , Q) by the map sending X ∈ V 1 to the vector t [0, X, 0] ∈ Q 5 . Here, we remind the readers that
and also with a symmetric matrix
For an even positive integer l, Let S l (K f ) be the space of all those holomorphic bounded functions F :
For our particular G, we have G(A f ) = G(Q) + K f . Hence for any g f ∈ G(A f ), we have F(z, g f ) = F(γ z , 1) from (3.3) by writing g f = γk with γ ∈ G(Q) + and k ∈ K f . Thus we can identify S l (K f ) with the space of bounded holomorphic functions F :
be the set of Fourier coefficients of F, which fits in the Fourier series expansion of F:
The Hecke algebra H (G(A f )/ /K f ) acts on a modular form F(z, g f ) through the convolution product in the second variable g f . Fix an orthogonal basis F l of S l (K f ) consisting of joint eigenfunctions of Hecke operators from H (G(A f )/ /K f ), where the inner product of S l (K f ) is defined as
and dg f = ⊗ p<∞ dg p is the product measure of Haar measures dg p on G(Q p ) so normalized that vol(K p ) = 1. Let G = G 0 be the special orthogonal group of (V, Q). Then, for each prime number p, G(Z p ) = G(Q p ) ∩ K p is a maximal compact subgroup of G(Q p ) stabilizing the lattice L p . Since dim(V ) = 5 is odd, G is the direct product of G and {±1 5 }, the center of G. Thus by restricting functions to G(Q p ) we obtain an isomorphism
For each F ∈ F l , let {(α p , β p )} p<∞ be the set of Satake parameters of F, i.e., for each p < ∞, the spherical function corresponding to the eigencharacter λ F,p : For a finite set S of prime numbers and F ∈ F l , set
1,f . We endow the group G ξ D 1 (A) with a Haar measure dh = ⊗ p ∞ dh p , where dh ∞ is the probability Haar measure on the compact group G ξ D 1 (R) and the measure dh p on G ξ D 1 (Q p ) with p < ∞ is so normalized that vol(K ξ D * 1,p ) = 1. Let f ∈ V(ξ D ; K ξ D * 1,f ) be a simultaneous eigenfunction of the Hecke algebra
, where {ũ j } j∈J and e j (j ∈ J ) are as in Lemma 2.5, and denote by 
is the set of ν ∈ X p such that π G p (ν) is unitarizable and we consider the coordinate-wise
(s) with s ∈ X p be the Radon measure on the space X +0 S /W (C 2 ) S defined by the formula [22, (5.20) ], or explicitly given by (3.6) 
be any Hecke function such that φ p = 1 Kp for p ∈ S, where S is a finite set of odd prime numbers. Then there exists a constant C = C(φ, D) > 1 such that as l ∈ 2N grows to infinity, To simplify the formula further, we use the following lemma. 
be the holomorphic archimedean Whittaker function of weight l. Then,
and dX is the Haar measure on V 1 (A) such that vol(V 1 (Q)\V 1 (A)) = 1. Let {ũ j } j∈J be as in Lemma 2.5; for each j ∈ J , choose γ j ∈ G 1 (Q), h j ∈ G 1 (R), and κ j ∈ K 1,f such thatũ j = γ j h j κ j . Then by the construction of the bijection AI(χ) ), (χ = 1).
If the non-negativity of the central values L f (1/2, π Φ ) were available, we would obtain the limit formula in Theorem 1.2 for the average over F l directly from this by a familiar approximation argument (cf. [21] ). But this expectation seems to be very hard to be realized, due to the existence of CAP forms. Let Φ = SK(f ) ∈ S l (Sp 2 (Z)) be the Saito-Kurokawa lifting from an elliptic Hecke-eigen cuspform f on SL 2 (Z) of weight 2l − 2. Then the following formula is well known. Since the sign of the functional equation of f is minus, L f (1/2, f ) = 0. Noting this, we obtain L f (1/2, π Φ ) = ζ(0) L ′ f (1/2, f ). At present, our knowledge on the sign of this quantity is very restrictive. However, concerning the size of this, the trivial bound |L ′ f (1/2, f )| ≪ ε l 1/2+ε immediately gives us |L f (1/2, π SK(f ) )| ≪ ε l 1/2+ǫ , f ∈ H 2l−2 , (4.1)
where H 2l−2 is the set of the normalized Heck eigen elliptic cuspforms on SL 2 (Z) of weight 2l − 2. From [12, §5.3], we quote the following formula for Φ = SK(f ). ω Φ l,D,χ = δ(χ = 1)
To prove Theorem 1.2, we follow the same strategy employed by [12] and [11] . Indeed, we showed in [22, §5.2] that the argument works for a general orthogonal group conditionally on two hypothesis [ 
This lemma also imples the second limit formula in Theorem 1.2. The truth of the statement [ Since L f (1, η D ) = 0 and L f (1, AI(χ)) = 0 if χ = 1, Corollary 1.3 is obtained from Theorem 1.2 by approximating the characteristic function by a continuous function.
4.1.
Book-keeping for exceptional isomorphism. For convenience, we collect miscellaneous facts which is useful to derive Proposition 4.1 from Corollary 3.3. For our purpose, it is convenient to use the 5-dimensional quadratic space
over Q with the quadratic from q(Y ) = 1 2 det(Y 2 ) ([14, §6.3]). By letting the group GSp 2 act on V as ρ(g)Y = gY g −1 , we have a surjective Q-morphism ρ : GSp 2 → SO(V ) whose kernel coincides with the center of GSp 2 . Thus ρ realizes the exceptional isomorphism . Then for ρ : GSp 2 → SO(Q), the following formula is easily confirmed where s(A) is the matrix given by (2.7). From thses, the Siegel parabolic subgroup of GSp 2 corresponds to the maximal parabolic subgroup P stabilizing the line Qε 1 .
There exists a unique isomorphism j D : h 2 → D such that j D ( √ −11 2 ) = z 0 and j D (g.Z) = ρ(g) j D (Z) , g ∈ GSp 2 (R), Z ∈ h 2 . For g = [ A B C D ] ∈ GSp 2 (R) 0 , we have det(CZ + D) = J(ρ(g), j D (Z)), Z ∈ h 2 .
